Abstract. We consider the parameter space U d of smooth plane curves of degree d. The universal smooth plane curve of degree d is a fiber bundle E d → U d with fiber diffeomorphic to a surface Σg. This bundle gives rise to a monodromy homomorphism
Introduction
Let P Sym d C The universal smooth plane curve of degree d is the fiber bundle E d → U d defined by
We choose the basepoint of U d to be the orbit [f F ] of the Fermat curve
The fiber of this bundle is diffeomorphic to a closed, oriented genus g surface, denoted Σ g , where
2 . The long exact sequence in homotopy induces a monodromy homomorphism
where Mod(Σ g ) := π 0 (Diff + In this paper we prove the following theorem, which is a refinement of Kuno's theorem that K 4 is infinite.
In the statement, SMod(Σ g ) < Mod(Σ g ) denotes the centralizer of a fixed hyperelliptic involution, the homotopy class of an order 2 homeomorphism τ : Σ g → Σ g such that Σ g /τ ∼ = S 2 . 
as Mod(Σ 3 )-modules.
The idea for the proof of Theorem 1.1 is to exhibit the cover U We will also show that the structure of the group K d is closely related to that of the hyperelliptic mapping class group. The failure of our proof method in Theorem 1.1 for degrees d > 4 is due to the lack of knowledge of the topology of the locus of planar curves in the moduli space of Riemann surfaces; there are many more obstructions to being planar than being hyperelliptic. In spite of this, we are able to say something for degree
Recall that Mod(Σ g ) acts on H 1 (Σ g ; Z) preserving the intersection form. This gives rise to the symplectic representation
Consider the composition
This representation is called the algebraic monodromy of the universal smooth plane curve of degree d. Denote
There is a short exact sequence
There is no reason to suspectK d to be finitely generated; however, we show that this is indeed the case for Y → X is isotopic to a biholomorphism. We will also denote such an
The mapping class group Mod(Σ g ) acts on Teich(Σ g ) by 
This operator takes a smooth function f : M → R to a differential 2-form Hess(f ) which is given in local coordinates by
where Γ k ij are the Christoffel symbols given by g. Note that Hess is R-linear.
Hyperelliptic Locus.
A hyperelliptic curve X is a complex curve equipped with a biholomorphic
homeomorphic to S 2 , or equivalently, if its representative τ has 2g + 2 fixed points on S.
Let H g ⊂ M g denote the locus of hyperelliptic curves and let
is the quotient map. The set H g is called the hyperelliptic locus. It has (complex) dimension 2g − 1. Note that when g = 3, the hyperelliptic locus H 3 has complex codimension 1 in Teich(Σ g ).
The following proposition collects some facts that will be useful in later sections.
Proposition 2.2. The locus H g is a complex-analytic submanifold of Teich(Σ g ). Moreover, H g has infinitely many connected components (see Figure 1). If H is any component of H g then H is totally geodesic in
Teich(Σ g ) and H is biholomorphic to Teich(Σ 0,2g+2 ), the Teichmüller space of a sphere with 2g + 2 punctures.
In particular, each component of H g is contractible.
Proof. Let [τ ] ∈ Mod(Σ g ) be a hyperelliptic mapping class. Then [τ ] acts on Teich(Σ g ) with fixed set
First, we show that
where the union is taken over all hyperelliptic mapping classes
The map τ b must be a hyperelliptic involution, and so
If 
) has infinitely many connected components, each of which is totally geodesic with respect to the Weil-Petersson metric.
Homotopy Type of the Hyperelliptic Complement
In Section 3.1, we define a set of Morse functions on Teich(Σ g ). These functions will be used to determine the homotopy type of Teich(Σ g ) \ H g in Section 3.2.
3.1. Geodesic Length Functions. This section is devoted to proving the existence of sufficiently wellbehaved functions on Teich(Σ g ). The function f in the statement of the theorem will be defined to be L A,c for a specific value of c.
Wolpert ([21] , Theorem 4.6) states that for any free homotopy class of simple closed curves α on Σ g , the geodesic length function α has positive-definite Hessian everywhere. In particular, α is strictly convex along WP geodesics. Because the Hessian operator is R-linear, it follows that
and so Hess L A,c is positive-definite. This also shows that L A,c is strictly convex. 
is a closed subset of a compact set, hence is compact. Thus, L A,c is proper. This proves (1) in the statement of the theorem.
If L A,c has distinct critical points x 0 and x 0 in Teich(Σ g ), then these are local minima of L A,c since Hess L A,c is positive definite at both x 0 and x 0 . Without loss of generality, assume
However, by strict convexity, this is impossible. Let γ be the unique geodesic with
for all t ∈ (0, 1], contradicting the fact that x 0 must be a local minimum. Hence x 0 = x 0 and L A,c has a unique critical point in Teich(Σ g ), denoted x 0 . This proves property (2). (1) U ∩ H is given by u = 0,
The coordinates y are "tangent" coordinates to H and the coordinates u are "normal" coordinates to H. ), where n = 2g − 5 > 1, is an infinite rank abelian group.In particular, M nhyp g is not aspherical for g ≥ 4.
We can be even more precise. The components of the hyperelliptic locus H g are enumerated by the set of cosets of the group SMod(Σ g ) in Mod(Σ g ). Recall that SMod(Σ g ) is the centralizer in Mod(Σ g ) of a fixed hyperelliptic involution τ ∈ Mod(Σ g ). The group SMod(Σ g ) is called the hyperelliptic mapping class group of genus g. If η is another hyperelliptic involution, then the centralizers of τ and η are conjugate in Mod(Σ g ).
Corollary 3.3. Let g ≥ 3. There is a homotopy equivalence
In particular,
as Mod(Σ g )-modules.
Proof. The mapping class group Mod(Σ g ) acts on the set of components of H g by permutations. Then, there is a map Since no hyperelliptic curve can have two distinct hyperelliptic involutions, it must follow that hτ h
Secondly, if H is any other component of H g , then H = Fix(η) for some hyperelliptic involution η ∈
Mod(Σ g ). Since hyperelliptic involutions in Mod(Σ g ) are conjugate, there exists some
Therefore, Mod(Σ g ) acts transitively on the set of components of H g .
The Parameter Space of Smooth Plane Curves
In this section we recall the definition of the parameter space of smooth plane curves and give various constructions that will be useful in the proof of the main theorem. the basepointf F . The basepointf F will be omitted, so that π 1 
Recall that a principal G-bundle is a fiber bundle P → X with a G-action that acts freely and transitively on the fibers.
Proposition 4.2. For d ≥ 4, the mapφ
where g · f denotes the action of g on polynomials f (x, y, z), by acting on the triple of variables (x, y, z). This induces a map g :
and g • h is the composition of this map with the marking h :
This action is free. Indeed, if
Thus g induces an automorphism on the curve V (f ). Moreover, this automorphism acts trivially on the marking, hence trivially on H 1 (V (f ); Z). An automorphism of V (f ) acting trivially on homology must be the identity ( [5] , Theorem 6.8). The fixed set of any automorphism of P 2 is a linear subspace, so any g ∈ PGL 3 (C) point-wise fixing a smooth quartic curve must be the identity automorphism.
Next, we show that this action is transitive on fibers. It suffices to show that
and there is some
. Then the pullback of the hyperplane bundle H along the embeddings up to an action by PGL 3 (C). Therefore, the two embeddings e 1 and e 2 • ψ differ by an action of PGL 2 (C),
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i.e. there is some g ∈ PGL 2 (C) such that g • e 1 = e 2 • ψ. This implies that g · f 1 = f 2 and g :
Finally, it remains to prove local triviality. This is a consequence of a much more general fact that if G acts on a manifold P freely such that P/G is a manifold, then q : P → P/G is locally trivial. Indeed, a local trivialization of q : P → P/G can be built over any contractible subset U by first taking a section σ : U → P and defining ϕ : g(x) ), where g(x) ∈ G is the unique element such that Proof of Theorem 1.1. Classically, Teich(Σ 3 ) pl is exactly the complement of the hyperelliptic locus H 3 in Teich(Σ 3 ): the canonical map C → P 2 is an embedding precisely when C is nonhyperelliptic ( [7] , pages 246-7).
Consider the following principal fiber bundle.
is connected.
By Theorem 3.2, Teich(Σ 3 ) \ H 3 is homotopy equivalent to an infinite wedge of circles, so there must exist some continuous section σ :
. Because ϕ 4 is a principal PGL 3 (C)-bundle, the existence of such a section implies that U mark 4
is homeomorphic to PGL 3 (C) × (Teich(Σ 3 ) \ H 3 ), and so
This also shows that
The following table shows π i (PGL 3 (C)) for small values of i (c.f. [12] , Introduction, where we have used the fact that SL 3 (C) covers PGL 3 (C) and is homotopy equivalent to SU(3)). 
We also have the following corollary of the proof of theorem 1.1.
Proof. The calculation of
) in the proof of 1.1 shows that the projection
induces an isomorphism 
Proof. The homomorphism s is clearly surjective. The restriction of π toM \Ñ is a covering map. Since r = π|M \Ñ * therefore r is injective. We mention here a brief lemma that will be used in Proposition 4.7. 
It is clear that
.
Let B 2g+1 denote the mapping class group of the closed disk (fixing the boundary pointwise) with 2g + 1 
By ( [1] , Theorem 1), the image of (Ψ g • F )(B 2g+1 ) has finite index in Sp 2g (Z), hence Ψ g (SMod(Σ g )) also has finite index in Sp 2g (Z). 
From Lemma 4.5, there is an exact sequence If t ∈ I 3 , choose a liftt ∈ G. This amounts to a choice of path from p 0 to t · p 0 contained in Teich(Σ 3 ) \ I 3 .
Then,tγ Ht −1 is represented by a path from p 0 to t · p 0 to t · γ(0), around t · H and back to p 0 along the same sequence of paths. For each t ∈ I 3 , pick some liftt ∈ G.
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The Torelli group I 3 acts on Mod(Σ 3 )/SMod(Σ 3 ) by left multiplication, with finitely many orbits Recall that G is the image of the monodromy ρ 5 : π 1 (U 5 ) → Mod(Σ 6 ) and H is the intersection → Teich(Σ 6 ) be the map defined at the beginning of Section 5. Then there is a principal PGL 3 (C)-bundle ϕ 6 : U → i(U ).
Let X = Teich(Σ 6 ) pl and let T = i(U ). By Griffin ([6], Theorem I), H 6 ⊂ X is of complex codimension 1.
Salter ([16] , Theorem A) states that X has finitely many components, indexed by the cosets of Mod(Σ 6 )/G. Therefore, T contains infinitely many components of H 6 . The components of T ∩ H 6 are in 1-1 correspondence with the cosets of G/H. To see this, first note that G can be described as the subgroup of Mod(Σ 6 ) which map T to itself. Now, G acts on the set of components of T ∩ H 6 such that the stabilizer of a point is H. This action is also transitive since if C and C are any two components, then there is some g ∈ Mod(Σ 6 ) such that C = g · C. This implies that g · T = T and that g ∈ G.
Now, H 1 (T \ (T ∩ H 6 ); Z) contains a subgroup generated by the set of meridians of T ∩ H 6 , one for each component of H 6 . We prove that this subgroup is freely generated by such meridians. Indeed, by Mayer-Vietoris, there is an exact sequence H 2 (T \ (T ∩ H 6 ); Z) → H 2 (T ; Z) → H 1 (N \ (T ∩ H 6 ); Z) → H 1 (T \ (T ∩ H 6 ); Z) → H 1 (T ; Z)
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where N is a regular neighborhood of T ∩ H 6 . The first map H 2 (T \ (T ∩ H 6 ); Z) → H 2 (T ; Z) is a surjection.
Hence, H 1 (T ∩ N ; Z) → H 1 (T \ (T ∩ H 6 ); Z) is injective, the image of which is the subgroup generated by the set of meridians of T ∩ H 6 . Now, H 1 (T ∩ N ; Z) is isomorphic to Z[G/H] and H 1 (T \ (T ∩ H 6 ); Z) is isomorphic to H 1 (K 5 ; Z) as G-modules. The action by G commutes with the map Z[G/H] → H 1 (K 5 ; Z), and so H 1 (K 5 ; Z) contains a sub-G-module isomorphic to Z[G/H].
